Abstract-We have made high-resolution X-ray microcalorimeters using superconducting MoAu bilayers and Nb meander coils. The temperature sensor is a magnetic penetration thermometer. Operation is similar to metallic magnetic calorimeters, but instead of the magnetic susceptibility of a paramagnetic alloy, we use the diamagnetic response of the superconducting MoAu to sense temperature changes in an X-ray absorber. Flux-temperature responsivity can be large for small sensor heat capacity, with enough dynamic range for applications. We find that models of observed flux-temperature curves require several effects to explain flux penetration or expulsion in the microscopic devices. The superconductor is nonlocal, with large coherence length and weak pinning of flux. At the lowest temperatures, behavior is dominated by screening currents that vary as a result of the temperature dependence of the magnetic penetration depth, modified by the effect of the nonuniformity of the applied field occurring on a scale comparable to the coherence length. In the temperature regime where responsivity is greatest, spatial variations in the order parameter become important: both local variations as flux enters/leaves the film and an intermediate state is formed, and globally as changing stability of the electrical circuit creates a Meissner transition and flux is expelled/penetrates to minimize free energy.
Superconducting Effects in Optimization of Magnetic Penetration Thermometers for X-Ray Microcalorimeters the magnetic penetration into a superconductor. Many groups have explored this concept [1] [2] [3] [4] [5] , but difficulties in obtaining desirable properties in thin film superconductors have prevented significant experimental success.
One challenge in designing a high-sensitivity Magnetic Penetration Thermometer (MPT) has been controlling the width of the superconducting transition. We have reported devices that give a transition width suitable for producing a detector with usable dynamic range [6] , [7] . We use a MoAu bilayer, with T c = 140 mK, as a superconducting temperature sensor, just as in transition-edge-sensor microcalorimeters. By subjecting the sensor film to the non-uniform magnetic field from the meander, we broaden the superconducting-to-normal transition enough for our device to perform as a broadband x-ray detector. Interestingly this broadening has not been as large as might be expected from the inhomogeneous field, due to the longrange coherence within the superconductor. The temperature dependence remains strong enough for use as an x-ray microcalorimeter in which 6 keV x-ray events typically produce temperature rises of ∼2 mK.
Like Metallic Magnetic Calorimeters (MMCs) [8] , MPTs dissipate no bias power, but MPTs have greater temperature sensitivity, so signals are further above amplifier noise, and lower heat capacity, and hence lower thermodynamic noise. Potential disadvantages are greater sensitivity to bath temperature fluctuations, and reduced dynamic range.
Here we present details of an analysis of the transition width in our MPT microcalorimeters [9] , along with new results using the electromagnetic response kernel of BCS theory to model the inductance of the devices, in which the applied magnetic field varies on a scale similar to the superconducting coherence length.
II. MPT TEST DEVICE AND MEASUREMENT APPARATUS
The design and operation of our MPT microcalorimeters are similar to MMCs [8] . In both MPTs and MMCs we use the temperature dependence of the magnetic susceptibility of a metal film to change the inductance of a superconducting niobium meander coil coupled to a SQUID sensor. However, instead of the paramagnetic susceptibility of a Au:Er alloy, we use the diamagnetic susceptibility of a superconducting MoAu bilayer to sense temperature change in an overhanging x-ray absorber in electrical contact with the sensor film. A thinfilm of MoAu bilayer covers a niobium meander coil, with 5 μm pitch, in a 100 μm × 100 μm region. An aluminum oxide layer insulates the coil from the bilayer. Niobium microstrip lines from SQUID input and MPT bias circuit (top and right) supply a current to the meander coil with a via through the oxide. The current from the meander returns (at lower left) to the ground of the microstrip in a split path, symmetrically along the top and bottom edges. Fig. 1 shows one of the MPT devices described here. We used a niobium meander coil filling a square of side s = 100 μm with linewidth 2.5 μm, pitch p = 5.0 μm, and thickness d = 0.45 μm. We covered the meander with a 0.32 μm oxide insulation layer and a MoAu bilayer film 0.38 μm thick. The bilayer had a superconducting transition temperature T c = 140 mK, and a residual resistance ratio RRR = 8.1, with its normal state resistivity dominated by the high conductivity of its 0.33 μm thick Au component. Fabrication methods are similar to what we employ for MMCs [10] .
We mounted the MPT devices in a magnetically shielded box in an adiabatic demagnetization refrigerator. With short wire bonds designed to minimize stray inductance, we connected the MPTs to two-stage dc-SQUID amplifiers from PTB-Berlin [11] . At a temperature T > 1 K, we stored a persistent current, ranging up to several milliamps, in the niobium circuit biasing a series array of MPTs, then cooled to temperatures as low as 0.030 K. We measured the dc level and noise spectra of the flux φ in the SQUID input at various bias and temperature combinations, and recorded pulses in response to applied x-rays with energies of 1.5 or 5.9 keV. Further details of the measurement apparatus are given in [6] .
III. EXPERIMENTAL RESULTS
During initial cooling after storing a current I b in the niobium bias circuit, we observed a staircase of flux jumps in the SQUID dc level that was repeatable if the temperature was cycled above T c . However, for bias currents ≤ 1.25 mA, the flux-temperature curve was smooth upon warming, and largely non-hysteretic thereafter for temperature excursions below T c . At a stored bias current I b = 1.25 mA, the maximal flux change was 14 Φ 0 . The greatest responsivity to temperature was ≈2000 Φ 0 /K, which occurred near T = 80 mK. At higher bias currents the peak flux signals decreased. For three different values of the bias current stored in the niobium circuit, the curves in Fig. 2 show the SQUID input flux change from high temperature, normalized by bias current, as the MPT was warmed.
With the bias circuit wired in a different configuration, we were also able, during a separate refrigerator run, to apply Noise measurements [6] with I b = 1.25 mA and T = 80 mK showed the presence of no significant excess noise, only SQUID and phonon noise. The phonon noise component extended up to 5 kHz, and was consistent with the expected electron-phonon and Kapitza thermal conductance between the bilayer and substrate. The measured ratio of heat capacity to temperature ≈ 1.5 pJ/K 2 was similar to the normal state heat capacity of the gold contained in the bilayer, but measurement precision was limited by the accuracy of our measurement of dφ/dT at the dc operating point during the noise measurement.
Noise spectra at 4 K with the niobium circuit superconducting but the aluminum wire bonds normal gave the total circuit inductance at that temperature to be 4.14 nH.
IV. MODELING METHODS AND RESULTS

A. Circuit Model
From quantization of the flux in the niobium meander coil/SQUID input circuit loop, and the near constant bias current supplied to the parallel combination of the SQUID input coil and the MPT meander (enforced by a large ballast inductor in the bias circuit), one can derive the following relations between the meander coil inductance L m (T ) and the currents I i and I m in the SQUID input and meander:
The SQUID input coupling was M i = 1 Φ 0 per 5.4 μA, and its input inductance was known to be 1.8 nH. The inductance of the meander with the MoAu fully normal was computed to be 0.67 nH. From 4.14 nH total circuit inductance at 4 K, the value of stray inductance from wirebonds and microstrip was therefore 1.67 nH. The total input inductance including strays was L i = 3.47 nH. The overall change in φ = M i I i between hot and cold limits in Fig. 1 gives L m (0.035 K) = 0.42 nH. 
B. Screening Currents in Fully Superconducting State
For I b ≤ 1.25 mA, we observe a regime at the lowest temperatures, T < 60 mK, where the MoAu seems to not trap the field applied by the meander, but to expel the flux as completely as possible by means of screening currents. In that regime, the SQUID flux is linear in the stored bias current, i.e., φ/I b is nearly independent of I b .
Measurements of the properties of transition edge sensors made from similar MoAu bilayers have shown that such films exhibit non-local superconducting behavior, with a coherence length ξ 0 ≈ 0.7 μm much larger than their London penetration depth λ L ≈ 0.08 μm [12] . If we instead treat our MPT bilayer as a local superconductor, we can easily compute the expected meander inductance resulting from screening currents in the bilayer by solving the London equation numerically using the method of Chang [13] , and then assuming the effective penetration depth has the temperature dependence established by Pippard [14] for BCS theory in the case of a uniform applied field. However, we then predict much less variation of the SQUID flux and meander inductance at the low-T end of our data than we observe (see Fig. 3 ).
We have computed the expected meander inductance in the static limit using the non-local electromagnetic response kernel, denoted here by K, from BCS theory [15] . We consider a superconducting slab of finite extent in the z direction and infinite extent in the x-y plane. There is a current density pointing in the y direction with spatial variation in the x direction and offset from the superconducting slab in the negative z direction. The current density is representative of a meander coil underneath a superconducting body. To compute the inductance associated with the current density in the presence of the superconducting slab, we compute the magnetic field in the region, the supercurrent density in the slab and the meander, and equate the total energy with E tot = LI 2 /2, where I is the current through meander.
We start with two equations, Ampère's law neglecting the displacement current and the BCS expression for the supercurrent as the convolution of the BCS kernel with the electromagnetic vector potential. There is no analytic form for the kernel so we generate it numerically [16] , [17] . The current in Ampère's law is the sum of an applied current density J a and the supercurrent J s . Due to the form of the supercurrent, it is mathematically most convenient to work in terms of the vector potential A. This is done by replacing the magnetic field in Ampère's law with the curl of the vector potential. We choose to work in the Coulomb gauge. The system of equations is summarized as follows,
The functions F and G give a parameterized analytical approximation to the current density in the Nb meander coil. The parameters b and α are found at each temperature by minimizing the total energy (i.e. the final inductance) in the presence of the MoAu film. The independence of the current on the y direction allows for a simplification of Ampère's law. We can satisfy the gauge condition by allowing only the y component of the gauge field to be non zero and such that it is a function of only the x and z variables. A further simplification can be arranged by expanding the current and vector potential in a Fourier series in x coordinate. This reduces the differential equation for the vector potential to a one-dimensional equation for each of the z-dependent Fourier modes, with the Laplacian becoming a one-dimensional modified Helmholtz operator. The Helmholtz operator is inverted using its Green's function converting the differential equation into an integral equation. The integral equation is discretized and the solution for the vector potential is found numerically. The solution is used to construct the magnetic field profile and the supercurrent profile, which is used to compute the inductance as stated above.
The BCS kernel has three parameters, the superconducting gap Δ of the slab, the Fermi momentum k F , and quasiparticle effective mass m qp of the superconducting material [16] . The Fermi momentum and quasiparticle effective mass can be expressed in term of the zero temperature London penetration depth λ L and the coherence length ξ 0 , which are more convenient parameters to use. We expect the electronic mean free path l = 264 nm (measured from resistivity), and the corresponding diffusivity D = 0.123 m 2 /s, for the gold in our bilayers to limit the effective coherence length to ξ 0 ≈ (hD/k B T c ) 1/2 /(2π) ≈ 900 nm [18] . We then fix the London penetration depth λ L = 230 nm by matching our computed inductance to the cold end of the measured data.
We find that the effect of the non-uniform applied field is to make the equivalent London penetration depth λ BCS larger than the Pippard value λ P at any temperature according to the curve shown in Fig. 4 . This increases dL m /dT , but not enough to agree with the data in Fig. 3 . 
C. Meissner Effect and Landau Model With Bias Circuit
At temperatures above 60 mK, we observe a bias-currentdependent transition temperature at which the reduction of the meander inductance by effects in the MoAu bilayer rapidly decreases. We interpret this as a manifestation of the Meissner effect specific to the geometry and bias circuit for our devices.
F. London analyzed the Meissner effect for a thin film placed in a uniform applied field in terms of the free energies of the fully normal state and the superconducting state with screening currents (computed in the local limit) [19] . Applying London's method to our films would predict sudden transitions (above a critical temperature varying with I b ) to φ = 0 from a universal low-T curve for φ/I b . Our observed transitions are softened on both the warm and cold sides.
The transition would be modified if the MoAu energy gap is reduced in response to the magnetic field. As investigated by Douglass [20] , [21] , a simplified Ginzburg-Landau model of this effect predicts that the character of the phase transition changes to second-order if the field increases to the critical value with a sufficiently small ratio of film thickness to effective penetration depth. Curves based on the G-L model used by Douglass, ignoring the spatial variation of field, are compared with our data in Fig. 3 . This model accurately matches the observed current dependence of transition temperature using B c (0) = 100 μT. The reduction of the energy gap by the field does soften the flux-temperature curves on the low-T side, but not as much as observed, while on the high-T side the predicted transition is infinitely sharp.
In some ways, agreement is better with a Landau phase transition model where the bilayer enters an intermediate state in which it is partially normal (gap drops to zero over a coherence length) along a fraction f of its length s 2 /p, in stripes of width gp as shown in cross-section in Fig. 5(a) . When coupled to the bias circuit, we find the free energy difference U between the intermediate and fully normal state is given by, Δ if the density of states N equals that for Mo diluted by relative thickness in the bilayer. The maximal dφ/dT , 3000 Φ 0 /K at 1.25 mA, is close to the observed value, and the rounding above the steep Meissner transition is of the order of magnitude seen. However, at lower bias, when the steepest part of the curve occurs closer to T c , the Landau model has progressively worse agreement with the observed dφ/dT .
V. CONCLUSION
An MPT made from MoAu exhibits a region of steep dφ/dT corresponding to the Meissner effect in the small device as flux is expelled/penetrates to minimize free energy. Non-local superconducting effects are significant since the coherence length is similar to the scale of spatial variations in the field applied by the meander coil. The fall off of dφ/dT on the low-T side of the transition is roughly of the magnitude predicted by a simple G-L model derived for uniform applied fields. Both G-L and Landau models describe the current dependence of the transition temperature using physically reasonable parameter values. The success of the Landau model in matching the MoAu transition slope at high bias while providing some high temperature rounding indicates that the edge barrier for fluxon escape from the MoAu must be small and that pinning of the flux in the bilayer is weak in this strongly Type-I superconducting film. However, none of the models tested is as yet sufficient to capture all key trends in the data satisfactorily. Better agreement might be obtained by use of a 2D G-L calculation to evaluate the inductance term for normal stripes in (8) of the Landau model.
